In this paper we will investigate torus actions on complete manifolds with calibrations. For Calabi-Yau manifolds M 2n with a Hamiltonian structure-preserving k-torus action we show that any smooth symplectic reduction has a natural holomorphic volume form. Moreover Special Lagrangian (SLag) submanifolds of the reduction lift to SLag submanifolds of M , invariant under the torus action. If k = n − 1 and H 1 (M, R) = 0 then we prove that M is a fibration with generic fiber being a SLag submanifold. As an application we will see that crepant resolutions of singularities of a finite Abelian subgroup of SU (n) acting on C n have SLag fibrations. We study SLag submanifolds on the total space K(N ) of the canonical bundle of a Kahler-Einstein manifold N with positive scalar curvature and give a conjecture about fibration of K(N ) by SLag sub-varieties, which we prove if N is toric. We will also get somewhat weaker results for coassociative submanifolds of a G2-manifold M 7 , which admits a 3-torus, a 2-torus or an SO(3) action.
Introduction
In this paper we will use structure preserving torus actions on non-compact manifolds with calibrations to construct calibrated submanifolds (both for CalabiYau manifolds and for 7-manifolds with a G 2 structure). We will assume that no element of the torus acts trivially. Throughout the paper we will use the notion of a calibrated fibration: Definition 1 Let (M, ϕ) be a Riemannian manifold with a calibrating form ϕ. Then we say that M has a calibrated fibration on it if there is a surjective map α : M → V onto a topological space V and a subset S ⊂ M s.t.
i) For any point m ∈ M − S the level set L m of α through m is a smooth submanifold, calibrated by ϕ.
ii) The set S is locally contained in a finite union of submanifolds of codimension ≥ 4 in M .
In Section 2 we consider a Kahler manifold (M 2n , ω) with a non-vanishing holomorphic (n, 0) form ϕ. We can define, as in [4] , Special Lagrangian (SLag) submanifolds L by the conditions:
If g is the Riemannian metric corresponding to ω, then we can conformally scale g to a metric g ′ on M so that the form ϕ will have length √ 2 n with respect to g ′ . Then SLag submanifolds will be calibrated by Reϕ with respect to g ′ . In particular, they will be minimal submanifolds of (M, g ′ ) and Lagrangian submanifolds of ω.
If M is compact and simply connected, then for any Kahler form ω on M Yau's celebrated resolution of the Calabi conjecture gives a (unique) Ricciflat Kahler form ω ′ in the same cohomology class as ω (see [15] ). Also the SYZ conjecture (see [13] ) states that (M, Reϕ) has a calibrated fibration with generic fiber being a SLag torus with respect to a Ricci-flat Kahler metric. We can ask an analogous question for any Kahler metric on M and we showed in [4] that this holds for a choice of Kahler metric on a Borcea-Voisin threefold. In this paper we will be interested in non-compact Calabi-Yau manifolds with a structure-preserving torus action. The main results of Section 2 are as follows:
Theorem 1 Suppose we have a Hamiltonian structure-preserving T k -action on M 2n . Then any smooth symplectic reduction M red has a natural holomorphic volume form ϕ red . Moreover SLag submanifolds of M red , ω red , ϕ red lift to SLag submanifolds of M , invariant under T k -action. Vice versa, let L be a connected, T -invariant SLag submanifold of M s.t. T acts freely on L. Then L lies on a level set a of the moment map µ and one can find a SLag submanifold L ′ in the smooth part of the symplectic reduction through level set a s.t. L ′ lifts to L.
Theorem 2 Suppose that k = n − 1 and H 1 (M, R) = 0. Then M has a calibrated fibration α over an open subset of R n with the set S of singular points being the non-regular points of the torus action (i.e points there the differential of the action is not injective). Moreover for a generic point p (outside of a countable union of (n − 2)-dimensional planes in R n ), the fiber α −1 (p) is a smooth SLag submanifold. Connected components of each smooth fiber are diffeomorphic to an (n − 1)-torus times R. Singular fibers have singularities of codimension at least 2, and near singular points they are diffeomorphic to a product of a cone with a Euclidean ball.
If we make certain assumptions on the set of non-regular points of T -action, then we can replace the countable union by a finite union in Theorem 2 (see Theorem 3 in Section 2).
In Section 3 we consider a 7-manifold M with a G 2 -form ϕ (see [3] ). Let H 1 (M, R) = 0. If M has a 3-torus action, then M is covered by a family of non-intersecting coassociative submanifolds. Suppose M admits a 2-torus action. Then we will define certain G 2 -reductions M red , which are symplectic 4-manifolds with a compatible almost complex structure and trivial canonical bundle. We will see that 2-dimensional complex sub-varieties of M red lift to T -invariant, coassociative submanifolds of M . Finally suppose M admits an SO(3)-action, which is not regular in at least one point. If SO(3) acts freely on the set M ′ of regular points of the SO(3)-action, then M ′ is covered by a family of non-intersecting coassociative submanifolds, diffeomorphic to SO(3) × R.
In Section 4 we will consider some applications of the results of the two previous sections. For the Calabi-Yau case, we will show that crepant resolutions of singularities of a finite Abelian subgroup of SU (n) acting on C n have SLag fibrations. Also for any Kahler-Einstein manifold N with positive scalar curvature, the total space K(N ) of it's canonical bundle is a Calabi-Yau manifold (see [12] ). We investigate SLag submanifolds on K(N ). For each orientable minimal Lagrangian submanifold of N we associate a 1-parameter family (L λ |λ ∈ R) of SLag submanifolds of K(N ). Also L 0 is invariant under scaling of K(N ) by a real number. For any compact Kahler manifold N 2n with an effective n-torus action we prove that one of the regular orbits of the action is a minimal Lagrangian submanifold of N . If N is Kahler-Einstein with nonzero scalar curvature t and toric, then we prove that precisely 1 such orbit L is a minimal Lagrangian submanifold of N . For t > 0 we use Theorem 2 to construct a SLag fibration on K(N ) and we prove that all fibers are asymptotic at infinity to the fiber L 0 . We conjecture that any K-E manifold N with positive scalar curvature has a minimal Lagrangian submanifold L. Moreover K(N ) fibers with generic fiber being a SLag submanifold of K(N ) and all fibers are asymptotic to L 0 at infinity.
In the G 2 case, Bryant and Salamon have constructed in [3] some examples of complete metrics with holonomy G 2 . Some metrics are on the total space of the spin bundle over a 3-dimensional space form. Others are on a total space of a bundle Λ 2 − of anti-self-dual 2-forms over a self-dual Einstein 4-manifold. Many examples admit T 2 and SO(3)-actions, and we show that in one example the G 2 manifold M can be covered by non-intersecting coassociative SO(3)-invariant submanifolds.
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Torus action on Calabi-Yau manifolds
Let (M 2n , ω, ϕ) be a Calabi-Yau manifold with a structure-preserving Hamiltonian T k -action. For any element v of the Lie algebra G of T k we associate the infinitesimal flow vector field X v on M , induced by the differential of the action. Then the X v commute and their flows preserve ω and ϕ. Let v 1 , . . . , v l be elements of G and X 1 , . . . , X l be the corresponding vector fields on M . We claim that the (n − l, 0)-form ϕ ′ = i X1 . . . i X l ϕ (obtained by contraction of ϕ by the vector fields X 1 , . . . , X l ) is a closed (n − l, 0)−form. We will prove it by induction on l. If l = 1 then the X 1 -flow preserves ϕ and so
Now we use induction on l. The X 1 flow preserves X 2 , . . . , X l and it preserves ϕ, so it preserves ϕ
and we are done by induction. A moment map µ for the T k -action is a map µ : M → G * (the dual Lie Algebra of T k ), which satisfies
Theorem 1 Any smooth symplectic reduction M red has a natural holomorphic volume form ϕ red . Moreover SLag submanifolds of M red lift to SLag submanifolds of M , invariant under T k −action. Vice versa let L be a connected, Tinvariant SLag submanifold of M . Then L lies on a level set a of the moment map µ and moreover there is a SLag submanifold L ′ on a smooth part of symplectic reduction through level set a s.t. L is the lift of L ′ .
Proof : Consider a level set Σ a of the moment map µ, on which T k acts freely. Since µ is T k −invariant, the vector fields X v are tangent to Σ a . Consider the bundle V = span(X v ) over Σ a . Since d(µ(v)) = i Xv ω, the tangent bundle to Σ a is the ω−orthogonal complement of V . Also V JV = 0 (here J is the complex structure on M ). Let W = (V ⊕ JV ) ⊥ ( here ⊥ is with respect to the metric). Then W is a complex vector bundle over Σ a , the tangent bundle to Σ a is W ⊕ V and the quotient of W by the T -action can be viewed as a tangent bundle to the symplectic reduction M red = Σ a /T k . Let v 1 , . . . , v k be a basis for the Lie algebra of T k and X 1 , . . . , X k corresponding vector fields on M . Let ϕ
, and hence it is a holomorphic volume
Vice versa, let L be a connected SLag submanifold of M , invariant under T k -action and T acts freely on L. Since L is invariant under the torus action, the vector fields X v are tangent to L. Let u be some vector, tangent to L. Since L is Lagrangian, we have
So the differential of the moment map is zero on L, hence L lies on some level set Σ a of the moment map. Since T -action is free on L, it is freely on a neighbourhood U of L in Σ a . Moreover U is a smooth submanifold of M . So U red = U/T will be an open set in the smooth part of the symplectic reduction through a. It is clear that the quotient L ′ = L/T k is a SLag submanifold on U red . Q.E.D. In case k = n − 1 M has a calibrated fibration by SLag submanifolds, invariant under T k -action:
Theorem 2 Let k = n − 1 and H 1 (M, R) = 0. Then i) M has a calibrated fibration α over an open subset of R n with the set S of singular points being the non-regular points of the T -action.
ii) For a generic point p (outside of a countable union of (n − 2)-planes in R n ), the fiber α −1 (p) is a smooth SLag submanifold of M . iii) Connected components of each smooth fiber are diffeomorphic to a product of an (n − 1)-torus with R.
iv) Singular fibers have singularities of codimension at least 2, and near a singular point they are diffeomorphic to a product of a cone with a Euclidean ball.
Proof: Define the form ϕ ′ as in the proof of Theorem 1. Then ϕ ′ is a holomorphic (1, 0)-form, invariant under the torus action. Since
Let L be a connected SLag submanifold, invariant under the torus action. As we have seen, L must lie on the level set of the moment map µ. Also, since L is Special, one easily deduces that Imϕ ′ | L = 0, so L must lie on a level set of ξ = Imf , i.e. L lies on a level set of n-functions
The moment map µ goes to G * , which we identify with R n−1 by choosing a basis of G. We define α = (µ, ξ) : M → R n . Let S be the set of non-regular points of the torus action. We claim that a level set L m of (µ, ξ), that passes through a regular point m ∈ M − S is smooth n-dimensional SLag submanifold of M near m. Indeed let Σ a be the level set of the moment map passing through m and V and W be vector bundles on Σ a near m as in the proof of Theorem 1. Let v 1 , . . . , v k be a basis for the Lie algebra of
, dξ are linearly independent at m, and so the level set L m is a smooth submanifold of M near m.
Next we prove that L m is SLag near m. Since ξ and µ are T k -invariant, then so is L m . So the X v are in the tangent space to L m at m. Since L m is on the level set of µ, the tangent space to L m at m is ω-orthogonal to X ′ v s, so it must be Lagrangian. Also Imϕ ′ | Lm = 0 implies that L m is Special at m. Now we prove iii): Let L be a level set of (µ, ξ) s.t. all points on L are regular points for times R. Indeed this flow is defined on an interval (a − , a + ), there a − , a + are independent on the choice of a point in T . One easily deduces that the orbit of T under this flow is isolated in L, hence it is equal to L ′ . Next we prove ii) and show that S is locally contained in a finite union of submanifolds of codimension 4 in M . To prove this we need to understand the picture near a point in S. Let m ∈ S. The differential of the action is not injective at m and m has a stabilizer T ′ of positive dimension l and an orbit O. To prove ii) we need to see what is the image of (µ, ξ) on S near m.
The symplectic form ω restricts trivially to O, hence we have ω = dγ for some 1-form γ in a neighbourhood of O. Since ω is T n−1 -invariant, we can make γ invariant as well (by integrating over
. . , X n−1 ). Arguing as in the proof of Theorem 1 we get that ϕ ′ = dξ ′ , so ξ − ξ ′ is a constant (here ξ = Imf as before). We will prove that the image of S near O by (µ ′ , ξ ′ ) is contained in a finite union of (n − 2)-planes in R
n . This will prove that one can find a neighbourhood U of m and a finite union H of (n− 2)-planes in R n s.t (µ, ξ)(S U ) ⊂ H. Since M is paracompact, one can find a countable union of (n − 2)-panes
and ii) follows. Obviously ξ ′ = β(X 1 , . . . , X n−1 ) = 0 on S. Next we prove that there is a collection v 1 , . . . , v l of linearly independent elements of G s.t. at any point p ′ ∈ S the flow field corresponding to v i − v j vanishes for some i and j. This will imply that the image of µ ′ on S will lie on a finite collection of hyper-planes in the dual Lie Algebra G * . Hence the image of (µ ′ , ξ ′ ) on S near O will be contained in a finite collection of (n − 2)-planes.
We have the tangent bundle T O and the normal bundle N (O), which splits as a direct sum
⊥ . W is a complex vector bundle of dimension l + 1. T ′ -action preserves O and it's differential preserves T O and J(T O), hence T ′ acts faithfully on W ( because no element of T ′ acts trivially on M ). We get an injective homomorphism ρ from T ′ to SU (W ), whose image is in some maximal torus of SU (W ). By dimension count this image is the maximal torus of SU (W ). We identify a small neighbourhood V of O in M with a small ball in N (O) by the exponential map. Then the action of T ′ under this identification is trivial on J(T O) and equal to the action by representation ρ on W . Let π : V ≃ N (O) → O be the projection. Take any element v of the Lie Algebra of T . Then it is clear that π
We identify the fiber W (m) at m with C l+1 . We have a torus T ′ ≃ T l acting as a maximal torus of
It is clear that the the non-regular points in π −1 (m) are subspaces H i,j = (z i = z j = 0) ⊕ J(T O) and the vector field ∂ θi − ∂ θj is in the kernel of the differential of the action at these points. Let U ′ be some submanifold of T , which passes through 0 ∈ T and is transversal to T ′ at 0. Then the image of m under
The flow vector field of ∂ θi − ∂ θj vanishes along U i,j . We claim that near m S is contained in the union of U i,j . Indeed let p ′ ∈ S and let m ′ = π(p ′ ). There is an element of U ′ which sends m to m ′′ and hence it sends p to p ′ for some p ∈ π −1 (m). One easily deduces that p ∈ H i,j , hence p ′ ∈ U i,j . Thus we can take v i = ∂ θi and we are done. Moreover U i,j is obviously a submanifold of M of codimension 4, thus we also proved that S is locally contained in a finite union of submanifolds of codimension 4 in M .
To complete the proof of i) and iv) we still need to investigate the structure of the singular fiber L m through m and to prove that the image of (µ, ξ) is open. Let e 1 , . . . , e l be the basis of Lie algebra of T ′ . We extend it by e l+1 , . . . , e n−1 to be the basis of G. Let µ ′′ = (µ(e l+1 ), . . . , µ(e n−1 )). Then the differential of µ ′′ is surjective along O and the level set Σ of µ ′′ through m is a smooth submanifold of M (containing O). Also obviously L m ⊂ Σ. We can investigate L m by means of a local symplectic reduction. Let Q = span(e l+1 , . . . , e n−1 ). Take a small ball U containing the origin in Q. U can be identified with a submanifold (still called U ) of T n−1 via the exponential map. Also consider the induced metric on Σ and let Z be the image of a small ball in the normal bundle to O in Σ at m by the exponential map. So Z is T ′ -invariant, contains m and is transversal to O. We will define an equivalence relation on a small neighbourhood V ′ of m in Σ by making the equivalence classes to be the orbits of U -action through points of Z. The quotient M ′ can be thought of a local symplectic reduction of M by the action of U . So M ′ is a Kahler manifold. By Theorem 1 we have a natural trivialization ϕ ′′ of the canonical bundle of M ′ . We have a structure-preserving T ′ -action on M ′ . Let µ * be the restriction of µ to the dual Lie Algebra of T ′ . Then µ * is a moment map for T ′ -action on M ′ . Also ξ descends to M ′ and the level sets of (µ * , ξ) are SLag submanifolds of M ′ , which lift to level sets of (µ, ξ) on M .
We will investigate the level sets of (µ
We will prove that L ′ m is diffeomorphic to an (l + 1)-dimensional cone and moreover all points on L ′ m − τ (m) are regular points for the T ′ -action. We claim that i) and iv) follow from this. Indeed L m is an orbit of the U -action on τ
Thus L m will be locally a product of a cone with a Euclidean ball. Also it's singular set is of codimension l + 1 ≥ 2. Moreover L m will contain regular points for the T n−1 -action. The differential of (µ, ξ) is surjective at those points, and thus we will deduce that the image of (µ, ξ) is open.
So we have a Kahler manifold M
′ with a trivialization ϕ ′′ of the canonical bundle and a structure-preserving T ′ ≃ T l -action, which preserves m ′ = τ (m) ∈ M ′ and induces an action of a maximal torus of SU (l + 1) on the tangent space at m ′ as in equation (1). We would like to understand the level set µ * (m ′
The non-regular points of the action are, as we saw, the planes (z i = z j = 0) and the zero set of µ 0 intersects them only at the origin. The zero set of µ 0 is a cone
It's symplectic reduction thus will be a 2-dimensional cone with a singular point at the origin. Similarly we can take a level set P 0 of µ * ′′ , but the other must flow to the boundary of K. From this we deduce that there are only finitely many of these orbits in ξ −1 (0) in K. We will look even for a smaller K ′ ⊂ K so that one end of each orbit in K ′ will flow to m ′′ . So these will be orbits d 1 , . . . , d p . We will prove that p > 0. We claim that from this it follows that L ′ m diffeomorphic to a cone modeled on a p (l)-tori (i.e p l-tori will be the base of the cone).
Indeed let P 0 be the level set µ * (m ′ ) of µ * on M ′ as before and let ν : P 0 → M ′′ be the quotient map. Take a point q i on ν 
m is diffeomorphic to a cone, modeled at p l-tori.
Finally we prove that p > 0. We have µ 0 and on every non-regular point of T ′ -action some of the functions µ i − µ j vanish. The set of all such points on which some of µ i − µ j vanish is a union of hypersurfaces in M ′ . If we take a point s outside of these hypersurfaces then the level set P s of the moment map µ * containing s is smooth. Take now a sequence of such points s j converging to m ′ . Fix a compact neighbourhood B of m ′ in M ′ . We consider the positive direction η-gradient flow lines a j through s j . There are no critical points of η on P sj . So those lines a j must intersect the boundary ∂B. We saw that the level set of P 0 is smooth outside of m ′ . So P sj converge to P 0 outside of m ′ . It is easy to show that (after passing to a subsequence) a j converge to a flow line on P 0 terminating at m ′ . We project it to M ′′ and get a gradient flow line on M ′′ terminating at m ′′ and we are done. Q.E.D. Remark: The proof of Theorem 2 in fact gave a construction of Special Lagrangian submanifolds as level sets
Thus we effectively got an algebraic construction of Special Lagrangian submanifolds. We will utilize this construction for some examples in Section 4.
The countable union of planes in Theorem 2 stems from the fact that M is non-compact. If we make certain assumptions on the set of non-regular points of the T -action, then we can replace the countable union by a finite union:
Theorem 3 Let k = n − 1 as in Theorem 2. Suppose that the set of nonregular points of the T -action on M is a finite union S = S i of connected submanifolds s.t. each S i has a positive-dimensional stabilizer T i ⊂ T . Then for all points p outside a finite union H = H i of (n − 2)-planes in R n , the fiber (µ, ξ) −1 (p) is a smooth SLag submanifold of M .
Proof:
We have dξ = Imϕ ′ . On each S i the action is non-regular, thus ϕ ′ = 0 on S i . In particular dξ| Si = 0, i.e ξ is a constant ξ i on S i .
Let 0 = e i be an element in the Lie algebra of T i . Then the flow v.field X i of e i vanishes along S i . Thus dµ(e i ) = i Xi ω = 0 along S i . So in particular µ(e i ) = µ i = const. So the image of µ on S i lives on a hyperplane in the dual Lie algebra G * of T . From all this we deduce that the image of (µ, ξ) on S lives on a finite union H of (n − 2)-planes in R n . Q.E.D.
Group actions and coassociative submanifolds
Let M 7 be a 7-manifold with a G 2 -form ϕ. This means that for each point m ∈ M there is an isomorphism σ between the tangent space T m M and R 7 s.t. σ * (ϕ 0 ) = ϕ, there ϕ 0 is the standard G 2 form on R 7 (see [11] ). Since the group G 2 preserves the Cayley product on R 8 = R 7 ⊕ R, then the bundle T M ⊕ R over M acquires a structure of an algebra, isomorphic to Cayley numbers (see [11] ).
We will assume that ϕ is closed and co-closed, hence parallel and the Holonomy of M is contained in the group G 2 . The 4-form * ϕ is a calibration and a calibrated submanifold L is called a coassociative submanifold. This is equivalent to ϕ| L = 0. We will use group actions to construct coassociative submanifolds on M . We assume that b 1 (M ) = 0. We will treat 3 cases : 1) A 3-torus action. Let v i be a basis of the Lie Algebra of T 3 and X i are the corresponding (commuting) flow vector fields on M . Then we define the 1-forms σ 1 = i X2 i X3 ϕ, σ 2 = i X3 i X1 ϕ, σ 3 = i X1 i X2 ϕ. As in section 2, one can easily show that σ i are closed, T 3 -invariant 1-forms. Hence σ i = df i for some
Consider now a level set L = (f i = const). Suppose some point m ∈ L is a regular point of T 3 -action. Since ϕ(X 1 , X 2 , X 3 ) = 0 one easily sees that σ i are linearly independent at m and hence m is a smooth point of L. Also L is T 3 -invariant, hence X i (m) are in the tangent bundle of L at m. Hence one easily deduces that ϕ| L = 0, i.e. L is coassociative.
2) A 2-torus action. We have vector fields X 1 and X 2 and a 1-form σ = i X1 i X2 ϕ. Once again σ = df for a (T 2 -invariant) f. Consider a level set N = (f = const). Suppose T 2 acts freely on N and consider the quotient M red = N/T 2 , which we call a G 2 -reduction. We have a projection π : N → M red . Consider the (closed) 2-forms η i = i Xi ϕ and ω = i X1 i X2 ( * ϕ). One can easily show that there are unique, closed 2-forms η
We will reformulate this condition as a pseudoholomorphic condition on L ′ . Consider a bundle V = span(X 1 , X 2 ) over N . Pick n ∈ N and let e 1 , e 2 be an orthonormal basis of V at n, compatible with the orientation, given by X 1 and X 2 . Let e 3 = e 1 × e 2 (here × is the Cayley product). e 3 doesn't depend on the choice of e 1 and e 2 and thus gives rise to a section of T M over N . Consider the bundle W over N , which is the orthogonal complement of V ⊕ (e 3 ) in T M . Then one easily verifies that the tangent bundle of N is W ⊕ V and the quotient of W by T -action can be viewed as a tangent bundle to M red . Let again n ∈ N and let J i be a right Cayley multiplication by e i . Then J i preserve the fiber W n of W at n and they give complex structures on W n , which form a HyperKahler package. Also J 3 gives rise an almost complex structure on M red . Let ω i be the corresponding symplectic forms on W n . Then one easily verifies that ω is proportional to ω 3 on W n and span(η 1 | Wn , η 2 | Wn ) = span(ω 1 , ω 2 ) in the space of 2-forms on W n . From all this linear algebra we get that ω ′ is a symplectic form on M red and J 3 is a compatible almost complex structure. Also for a 2-submanifold
3) An SO(3) action. We will also assume that the action is not regular in at least one point. Let e 1 , e 2 , e 3 be the o.n. basis of the Lie Algebra of SO (3) Let X i be the corresponding vector fields on
We easily deduce that both terms are 0, hence df = 0. Also f = 0 in at least 1 point. Hence f = 0. So we might hope to find coassociative submanifolds, invariant under SO(3)-action.
Let α = i X1 i X2 i X3 ( * ϕ). Then using arguments as before we can show that α is a closed, SO(3)-invariant 1-form. So α = dg for an SO(3)-invariant function g. Let v = ∇g. Let m be a regular point of the action. Then v = 0 at m. Also the scalar product of v and X i is 0, so v and X i are linearly independent and span a 4-dimensional space W . Using some Cayley algebra one can easily show that W is a coassociative subspace of T M .
We assume that SO(3) acts freely on the space M ′ of regular points of the action. Also the complement M −M ′ corresponds precisely to the critical points of g. Let l be a non-constant trajectory of the gradient flow of g.
Then L is coassociative. Also trajectories of the gradient flow are embedded 1-submanifolds, g is SO(3)-invariant and increases on the trajectories. From all this we deduce that L is an embedded submanifold. Thus M ′ is covered by a family of non-intersecting coassociative submanifolds, diffeomorphic to SO(3) × R.
We can't in general say anything about the set of non-regular points. We will do this in one example in section 4.
Examples
In this section we will give a number of examples, there results of the two previous sections are applicable.
C n
There is a T n−1 action on C n given by (e iθ1 , . . . , e iθn−1 ) · (z 1 , . . . , z n ) = (e iθ1 z 1 , . . . , e iθn−1 z n−1 , e −i(θ1+...+θn−1) z n )
The moment map for this action is µ = (µ 1 , . . . , µ n−1 ) with
The 1-form ϕ ′ , defined in the proof of Theorem 1, is ϕ
So the fibration is given by
This is a classical example of Harvey and Lawson (see [7] ).
K(N) and the Calabi construction
Consider C n and a Z n -action on it with k ∈ Z n acts by multiplication by e 2πki/n . Then the quotient has a resolution of singularities, which is a total space of γ ⊗n , there γ is the universal line bundle over CP n−1 , i.e. the resolution of singularities is the total space of the canonical bundle over CP n−1 . Let K(N ) be a total space of a canonical bundle of a complex manifold N and π : K(N ) → N be a projection. There is a canonical (n, 0)-form ρ on K (N ) defined by ρ(a)(v 1 , . . . , v n ) = a(π  *  (v 1 ), . . . , π * (v n )), a ∈ K(N ). The form ϕ = dρ is a holomorphic volume form on K (N ). If z 1 , . . . , z n are local coordinates on N then (z 1 , . . . , z n , y = dz 1 ∧ . . . ∧ dz n ) are coordinates on K(N ) and ϕ = dz 1 ∧ . . . ∧ dz n ∧ dy.
CP n−1 is a Kahler-Einstein manifold with positive scalar curvature. If N is a K-E manifold with positive scalar curvature then K(N ) has a Ricci-flat Kahler metric on it (see [12] , p.108). The metric is constructed as follows : The connection on K(N ) induces a horizontal distribution for the projection π, with a corresponding splitting of the tangent bundle of K(N ) into horizontal and vertical distributions. We can view the horizontal space at each point m ∈ K(N ) as a tangent space to N at π(m). Let r 2 : K(N ) → R + be the square of the length of an element in K(N ) and u : R + → R + be a positive function with a positive first derivative. We define the metric ω u on K(N ) as follows: We put the horizontal and the vertical distributions to be orthogonal. On the horizontal distribution we define the metric to be u(r 2 )π * (ω) and on the vertical distribution we define it to be t
Here ω is the KahlerEinstein metric on N , t is it's scalar curvature and ω ′ is the induced metric on linear fibers of π. The Kahler-Einstein condition ensures that the corresponding 2-form ω u defining this metric on K(N ) is closed, i.e. the metric is Kahler. If we take u(r 2 ) = (tr 2 + l) 1 n+1 for some constant l (see [12] , p.109), then ω u is Ricci-flat.
For CP n−1 the Ricci-flat metric on K(CP n ) has a Kahler potential f outside of the zero section and f is a function f = h(r 2 ), there r 2 = Σ|z i | 2 on (C n − 0)/Z n . For instance then n = 2 we have the Eguchi-Hanson potential h(x) = √ x 2 + 1+logx−log( √ x 2 + 1+1). Also the metric is asymptotic to the Euclidean metric on C n /Z n at infinity. We have an (n−1)-torus action on C n as in the first example, and this action commutes with the Z n -action, hence it induces an action on K(CP n−1 ). This action preserves the Calabi-Yau structure on K(CP n−1 ), and hence Theorem 2 applies. To compute the moment map, we note that ω u = i∂∂f = d(i∂f ). Now the T n−1 -action preserves f and so it preserves ∂f . Let v ∈ G and X v be the vector field on K(CP n−1 ) as before. Then
By similar reasoning the function ξ is given, as in the previous example, by ξ = Im(i n−1 z 1 · · · z n ). So SLag fibration on K(CP n ) is given by
Also h ′ (r 2 ) converges to 1 at infinity, so this fibration is asymptotic at infinity to the fibration on C n in the previous example. We will now make the following general observation : Let L be an oriented Lagrangian submanifold of a K-E manifold N . We endow K(N ) with a Kahler metric ω u as above for any choice of a function u. For any point l ∈ L there is a unique element κ l in the fiber of K(N ) over l which restricts to the volume form on L. Various κ l give rise to a section
We have the following:
The tangent space of L λ at m is spanned by κ l (viewed as a vertical vector in T m K(N )) and vectors (e + (a + iλ)∇ e κ). Here e is any tangent vector to L at l (viewed as an element of the horizontal distribution of T m K(N )) and (a + iλ)∇ e κ lives in the vertical distribution of T m K(N ). To compute ∇ e κ take an orthonormal frame (v j ) of T l L and extend it to an orthonormal frame of
L is the Levi-Civita connection of L). We get that
Now e(κ(v 1 , . . . , v n )) = 0. Also clearly
Here J is the complex structure on N . Thus we get that
Here h = Σ∇ vj v j is the trace of the second fundamental form of L. From this one easily deduces that L λ is Lagrangian iff h = 0, i.e. L is minimal. Q.E.D.
We will now investigate toric K-E manifolds. For recent results and examples we refer the reader to [2] and [14] . We begin with the following lemma.
Lemma 2 Let (M 2n , ω) be a compact symplectic manifold and g some Riemannian metric on M . Suppose that we have an effective Hamiltonian n-torus action on M , which preserves g. Then there is a regular orbit of the action, which is a minimal submanifold with respect to g.
Here by regular orbits we mean orbits with a finite stabilizer.
Proof: We have a moment map µ and smooth orbits are levels set of the moment map. For an orbit L to be a minimal submanifold, it is obviously necessary to be a critical point of the volume functional on the orbits. We note that it is also sufficient. Indeed let v be any element of the Lie Algebra G of the torus T n . Then µ(v) is T n -invariant, and so is the gradient ∇µ(v). Also this gradient is orthogonal to the orbits. Consider now this gradient flow. It commutes with T n -action, hence it sends orbits to orbits. Since L is critical for the volume functional, we get from the first variation formula L h · ∇µ(v) = 0. Here h is a trace of the second fundamental form of L. But both h and ∇µ(v) are T n -invariant, hence we are integrating a constant. So h · ∇µ(v) = 0 pointwise. Now v was arbitrary, hence h = 0.
Finally we note that at least one orbit is critical for the volume functional on the orbits. We use the following easy Lemma 3 Let L be a orbit with a positive dimensional stabilizer T ′ ⊂ T and x ∈ L. Then for any ǫ > 0 there is a neighbourhood U of x s.t. any orbit passing through U has volume < ǫ.
Indeed we can take a (unit) vector e 1 in the Lie Algebra of T ′ . Then the corresponding flow vector field X 1 vanishes along L. Extend e 1 to an o.n. basis e 2 , . . . , e n of the Lie algebra of T . The vector fields X i will have uniformly bounded lengths. We choose a neighbourhood U of x in which X 1 has sufficiently small length and it is clear that volumes of orbits through U will be sufficiently small.
So now we try maximize volume among regular orbits. Let L i be a sequence of orbits, whose volume goes to supremum s of volumes of regular orbits. Then by the previous lemma it is clear that a limiting orbit (of some subsequence) L is regular. Now the differential of the moment map on M is surjective along L and L i are level sets of µ. It is clear that L i → L as manifolds and hence the volume of L is s and we are done. Q.E.D.
On CP n−1 we have the following T n−1 -invariant minimal Lagrangian torus
and corresponding SLag submanifolds L λ in K(CP n−1 ). Those submanifolds are invariant under our T n−1 -action and they are in the moduli-space (2) we constructed (in fact L 0 is a submanifold, which corresponds to c i = 0 in equation (2)). Moreover any other element in our moduli-space is asymptotic at infinity to L 0 . By that we mean the following : Let B be the unit ball of K(CP n−1 ) with respect to r 2 . L 0 is invariant under scaling of K(CP n−1 ) by a real number. If L is another element in our moduli-space then scaling of L by k ∈ R as k goes to infinity converges in C ∞ to L 0 on compact subsets of B − CP n−1 . It turns out that analogous situation holds for any toric K-E manifold N with positive scalar curvature.
Suppose we have an effective, structure-preserving T n -action on N . We make the following definition: We have a T n action on N and this action induces a T n -action on K(N ). Let G be the Lie algebra of T , v ∈ G, X v be the flow vector At a regular point l of the T -action σ l (v) can also be found in a following way : Take any unit length element ξ ∈ K l . Extend ξ along the orbit of X v to be invariant under the flow of X v . Then one easily computes that σ l (v) = ∇ Xv ξ · ξ. Since the flow of X v is given by holomorphic isometries, ξ has unit length. Hence σ l (v) is purely imaginary. Also σ l (v) is linear in v (because R(m) is given by the vertical part of the differential of the T -action at m, and this differential is a linear map from G to T m K(N )). Hence iσ can be viewed as a map from N to the dual Lie algebra G * . This map is T -invariant.
Proof: The section κ of K(N ) over L we defined in Lemma 1 is T n -invariant. Also we computed that ∇ Xv κ · κ = i(Jh · X v ) for any v ∈ G. From this the lemma follows Q.E.D.
Let t be the scalar curvature of N .
Lemma 5
The map µ = −it −1 σ is a moment map for the action. The zero set of µ is precisely 1 regular orbit L.
Proof Let v ∈ G. We need to show that d(−it −1 σ(v)) = i Xv ω. We will do it at a smooth point p of the action. Choose any unit length element ξ of K(N ) over p. We can extend ξ to be a local unit length section, invariant under the X v -flow. We have a connection 1-form η(u) = ∇ u ξ ·ξ. Then η is invariant under the X v -flow and the K-E condition says that idη = tω. So
So µ is a moment map. By Lemma 2 one of the regular orbits L is minimal, hence it lies on the zero set of µ by Lemma 4. Obviously this orbit is isolated in the zero set of µ. Now by Atiyah's result (see [1] ), the zero set of the moment map is connected, hence it must coincide with L and we are done. Q.E.D.
Lemma 6
The map µ ′ = uπ −1 (µ) is a moment map for the T -action on K(N ).
Proof: Let v ∈ T . We need to prove that dµ ′ (v) = i X ′ v ω u . We will study ω u in more detail (see [12] ). Let m ∈ N be a regular point for the T n -action and ξ a unit length element of K(N ) over m. We can extend ξ to be a local unit length section of K(N ), invariant under the flow of X v . ξ gives rise to a connection 1-form ψ for the connection on K(N ) and the Einstein condition tells that idψ = tω. The section ξ defines a complex coordinate a on K(N ), which is invariant under the X ′ v -flow. Also the form b = da + aπ * ψ vanishes on the horizontal distribution (see [12] , p. 108). We have r 2 = aa and u = u(r 2 ). Also the Kahler form ω u on K(N ) is given by
One directly verifies that ω u = dη for η = it −1 uπ * ψ − it −1 uda a . By our construction the flow of X ′ v leaves η invariant. So
Here we used the fact that da(X ′ v ) = 0 and ψ(X v ) = σ(v). So µ ′ is a moment map and we are done. Q.E.D.
The torus action on N induces an action on K(N ) and by Theorem 2 we have a SLag fibration on K(N ). We want to investigate the asymptotic behavior of the fibers at infinity. We will assume that the function u = u(r 2 ), used to define the metric ω u on K(N ) goes to infinity as r 2 goes to infinity (this holds e.g. for u defining the Ricci-flat metric).
Theorem 4 L 0 ⊂ K(N ) is a fiber of the fibration arising from Theorem 2. Moreover, any other fiber is asymptotic to it at infinity.
Proof: Let e 1 , . . . , e n be a basis for G. Let X i be the flow fields on N and X π(ξ) ), . . . , X n (π(ξ))). We also have a moment map µ ′ = −it −1 uπ −1 (σ) = uπ −1 (µ). Thus our SLag fibers will be given by equations u(|ξ| 2 )µ i (π(ξ)) = c i , Imξ(X 1 (π(ξ)), . . . , X n (π(ξ))) = c n Here ξ ∈ K(N ). The fiber L 0 corresponds to c j = 0. The asymptotic behavior of the fibers follows immediately from this formula. Q.E.D. We can ask a similar question in general, thus giving a non-compact analog of the SYZ conjecture (see [13] ) : Let N be a K-E manifold with positive scalar curvature. When is it true that N has a minimal Lagrangian submanifold L and K(N ) is fibered by SLag subvarieties with fibers asymptotic to L 0 at infinity ?
Resolutions of singularities and (Quasi)ALE spaces
Suppose that a finite subgroup G of SU (n) acts on C n and we have a crepant resolution of singularities M . D. Joyce has recently constructed a (Quasi)ALE Ricci-flat Kahler metric ω on M (see [8] and [9] ).
Suppose that G is Abelian. Then there is an orthonormal basis of C n , in which the action of G is given by diagonal matrices. Consider now the T n−1 -action on C n as in the first example (4.1). This action commutes with the G-action, hence it induces an action on M . Also by the uniqueness property of Joyce's construction, this action preserves ω. Hence Theorem 2 applies, and we have a Special Lagrangian fibration on M .
Coassociative submanifolds
Robert Bryant and Simon Salamon have constructed in [3] some examples of complete G 2 metrics. Some examples are on total space of a spin bundle over a
